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Overview� Condu
tivity Imaging� Statisti
al model for inverse problems� Markov 
hain Monte Carlo� Condu
tivity Imaging using various prior models� Mid- and high-level models
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Condu
tivity Imaging Measurements
vs

j

� Ele
trodes at x1; x2; � � � ; xE� Assert 
urrents at ele
trodes j = (j (x1) ; j (x2) ; � � � ; j (xE))T� Measure voltages v = (� (x1) ; � (x2) ; � � � ; � (xE))T .Unknown � (x) related to measurements via Neumann BVP
r � � (x)r� (x) = 0 x 2 
� (x) �� (x)�n (x) = j (x) x 2 �
� Set of measurements is 
urrent-voltage pairsfjn; vngNn=1

Inverse problem is to �nd � from these measurements (non linear)
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Green's Fun
tionsUnknown image � (x) related to measurements via Neuman BVP:r � � (x)r� (x) = s (x) x 2 
� (x) �� (x)�n (x) = j (x) x 2 �
plus potential referen
eIf � is 
ompiled into a 
ertain matrix, measurements 
orrespondto 
ertain elements of the inverse.Neuman Green's fun
tion g (xj�):r � � (x)rg (xj�) = Æ (x� �) 8x 2 
� (x) �g (xj�)�n (x) = 1j�
j 8x 2 �
R�
 g (xj�) dl (x) = 0g (xj�) = g (�jx) :Solutions to BVP:� (x) = Z
 g (xj�) s (�) d� + Z�
 g (xj�) j (�) dl (�)� �� : j ! � (Neumann to Diri
hlet map) is linear.� � ! �� is not linear.� Inverse problem: Measure ��, want �.
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Properties of the Inverse Problem� � 7! �� is invertible for � 2 C1 �
 � R 2�0 < �min � � � �max <1� Fr�e
het derivative ����� has singular-values that de
rease �geometri
ally

�̂i = �isi + nisi = �i + nisiroughly, data measured when smaxsi � SNR� Inverse dis
ontinuous� Measurements 
annot de�ne image uniquely
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Statisti
al Model for Imaging
s

forward
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If n � fN (n) then d � fDj�(dj�) = fN (d� PK�)Given measurements v, the likelihood for � isLd(�) � Pr (dj�) = fN (d� PK�)Posterior distribution for � 
onditional on vPr (�jd) = fDj�(dj�) Pr (�)P�2�
 fDj�(dj�) (Bayes rule)
In subje
tivist formulation, prior and posterior distributions for� are quanti�ed representations of our state of knowledge
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Summary Statisti
sAll information 
ontained in posterior distribution Pr (�jv)\Answers" are expe
tations over the posteriorE [f (�)℄ = Z Pr (�jv) f (�) d�De
ision based on utility fun
tion
�̂

�F TF 
TT 
TFT 
FT 
FFImage is an intermediate stepNuisan
e parametersData depends on image � and parameters �Pr (�jv) = Z� Pr (�; �jv) d�e.g. true 
urrents or voltages
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Monte Carlo Integration
I = E [f (�)℄ = Z� � (�) f (�) d�Simple 
aseDraw �(1); : : : ; �(m) uniformly on �Î = 1m nf ��(1)�+ � � �+ f ��(m)�oÎ = I +O �m�1=2�
.f. ��(i)	 regular grid on �, Î = I +O �m�1�Importan
e sampling� �(1); : : : ; �(m) drawn from g(�)� Importan
e weight w(i) = � ��(i)� =g ��(i)�� Î = �w(1)f ��(1)�+ � � �+ w(m)f ��(m)�	�w(1) + � � �+ w(m)	
.f. unbiased estimate Î = 1mPiw(i)f ��(i)�Only need �(�)=g(�) up to multipli
ative 
onstantChoose g(�) 
lose to shape of �(�)=f(�)
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Bayesian Formulation for Condu
tiv-ity Imaging
urrent potential voltage 
urrent 
ondu
tivityin 
 in 
 ele
trode ele
troder.v. R � V J �value � � v j �Joint PosteriorPrn�; �n; �nj fjn; vngo= Prn fjn; vng j�; �n; �no� Prn�; �n; �no� = �� (�j�
) and � = ��r�Prn�; �n; �no = Prn�; �noStipulate Pr f�g only in examples { usually a MRFL (�; �n; �n) = Prn fjn; vng j�; �n; �no= Prn fvng j�n (�; �n)o� Prn fjng j�noErrors i.i.d.L (�; �n; �n) = �Nn=1Prnvnj�� (�nj�
)o� Prnjnj�no :
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Markov 
hain Monte Carlo� Monte Carlo integrationIf fXt; t = 1; 2; : : : ; ng are sampled from Pr (�jv)E [f (�)℄ � 1n nXt=1 f (Xt)� Markov 
hainGenerate fXtg1t=0 as a Markov 
hain of random variables Xt2 �
, with a t-step distribution Pr(Xt = �jX0 = �(0)) thattends to Pr(�jv), as t !1.Metopolis-Hastings algorithm1. given state �tat time t generate 
andidate state �0 from aproposal distribution q (:j�t)2. A

ept 
andidate with probability� (XjY ) = min�1; Pr(Y jv)q (XjY )Pr(Xjv)q (Y jX)�3. If a

epted, Xt+1 = �0 otherwise Xt+1 = �t4. Repeatq (:j�t) 
an be any distribution that ensures the 
hain is:{ irredu
ible{ aperiodi
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Three-Move Metropolis HastingsChoose one of 3 moves with probability �p; p = 1; 2; 3Transition probabilities Pr(p) reversible w.r.t. Pr(�jv)Pr(Xt+1 = �t+1jXt = �t)= 3Xp=1 �p Pr (p)(Xt+1 = �t+1jXt = �t):If at least one of the moves is irredu
ible on �
, then the equi-librium distribution is Pr(�jv).A pixel n is a near-neighbour of pixel m if their latti
e distan
eis less than p8.An update-edge is a pair of near-neighbouring pixels of unequal
ondu
tivity. ( N �(�) , N �m(�) )Move 1 Flip a pixel. Sele
t a pixel m at random and assign �ma new 
ondu
tivity �0m 
hosen uniformly at random from theother C � 1 
ondu
tivity values.Move 2 Flip a pixel near a 
ondu
tivity boundary. Pi
k anupdate-edge at random from N �(�). Pi
k one of the twopixels in that edge at random, pixel m say. Pro
eed as inMove 1.Move 3 Swap 
ondu
tivities at a pair of pixels. Pi
k an update-edge at random from N �(�). Set �0m = �n and �0n = �m.
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Experiment 1(dis
rete variables { three 
ondu
tivity levels)
A  

B1   B2   

C  D  
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Experiment 2(
ontinuous variables { three 
ondu
tivity types)
A  

B  C  

D  E  
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Experiment 3(shielding)
A  B  

C  D  

E  F  

G  H  
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A

urate FEM Model
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Mid-level Model (triangles)
A

D1 D3

C

D2
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High-level Model (templates)
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Summary
� If you 
an simulate the forward map then you 
an sampleand 
al
ulate expe
tations over the posterior, i.e., `solve'the inverse problem� Statisti
al inferen
e provides a unifying framework for inverseproblems� Image \analysis" 
an be part of the \re
onstru
tion"
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